Name:

Class:

NSTA

S o

YEAR 12

ASSESSMENT TEST 3
TERM 2, 2012

MATHEMATICS
EXTENSION 2

Time Allowed — 90 Minutes
(Plus 5 minutes Reading Time)
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e No grid paper is to be used unless provided with the examination paper
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Marks
Q1. (3 Given that the line / is ax + by =1 intersects the Rectangular hyperbola H: xy = ¢*
at two distinct points £ (x1 , yl) and P, (x2 Vs )
The point M(x,,, ¥, ) is the midpoint of P, P,.
T4

Not to scale

/
/

{

9
(1) Find the quadratic equation whose roots are x; and x,. 1

Heuwce,
(i1) Show that the equation of line / can be expressed as I A} 2
M Ium

(iii))  Deduce that every line L (not including the asymptotes) through 2

the centre of the rectangular hyperbola bisects all chords parallel
to a certain direction.
Describe how this direction is related to the direction of L.

Q1. (b)

Not to scale

The base of a solid S shown in the diagram above is the region in the xy-plane
enclosed between the parabola y? =4 —x and the y-axis.

Each cross section perpendicular to the x-axis is a rectangle whose diagonal makes
an angle of 30° with its length.

(1) By taking a slice of the solid S of thickness Ax at a distance x from 2
the y-axis. Find the area of this slice in terms of x.

(ii) Find the volume of the solid S. 2
Q 1(c) continued over the page:
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Marks

Q1. (o)

Not to scale

A block of clay originally a rectangular prism has been sliced and a part removed.
The diagram above shows the remaining shape. Its length is 4a cm.

The front ABCD is a trapezium with parallel sides 4B and DC a cm

and 2a cm respectively.

The back face KLMN is a rectangle with a length of 3¢ cm and width 2a cm.

By considering a slice EFGH at a distance x cm from the front face ABCD of

thickness Ax cm.
This slice is in the shape of a trapezium. The lengths of its parallel sides FF and GH
are b cm and ¢ cm respectively, as shown in the diagram.

(i)  Show that the cross-sectional area of this slice is (3¢~ + %ax) cm’ 4

(i) Hence, or otherwise find the volume of the remaining block of clay. 2
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Q2. |[START A NEW PAGE]
(a) A solid S is formed by rotating the region bounded by the

parabola y* = 16(1 - x) and the y-axis 360° about the line x = 2, as shown.

Not to scale

Vv
QW7
X
- x=2
] ¥y =16(1-x)
(1) By taking slices perpendicular to the axis of rotation of thickness Ay, 4

Find the exact value of S.

(ii) By using the method of cylindrical shells, show that the volume Fof S 2

!
can be determined from: V = l67rJ. (2 —xHI1—xdx
0

(b) Suppose that the gravitational attraction between two planets is inversely
proportional to x°, where x is the distance in kilometres between their centres.
A particle is projected from the surface of one planet with an initial
velocity of U km/s.

‘ . . L gk
Its distance x from the centre of the planet satisfies equation: ¥ = —<—,

k]

e
where g is the magnitude of the acceleration due to gravity at the surface
and R is the radius of this planet. [DO NOT prove this result].

(1) Show that the velocity v m/s of the particle is given by: 2
v =U? —gR+gR23.

(i1) State the condition for the particle not to return to the planet. 1

(iii)  Show that the displacement x of the particle is given by: 3

x* = R* +2URt +(U" ~ gR)t*. provided U~ = gR.

(iv) If U <./ gR, explain why the particle reaches a fixed distance / km 3

(from the centre) above the planet.
Include in your answer the expression for this distance H km travelled
and the time 7 seconds taken (in terms of U, R and g).
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Q3. [START A NEW PAGE]

(a)  Given the Rectangular hyperbola xy =9, with two variable points P(3 P, -J—j
p

and Q(3q,i) on it, such that the chord PQ passes through the point W(O, 6)
q

The midpoint of PQ is the point M.

(i)  Sketch the rectangular hyperbola showing the points P, O, W and M. 1
(i) Show that the equation of the secant PQ is x + pqy =3(p+q). 1
(iii) Hence, deduce that p+g =2pq . 1
(iv) Hence, or otherwise deduce that the tangent drawn from W to the 2

rectangular hyperbola touches the curve at (3, 3).

(v) Find the equation of the locus of M as P and O move on the hyperbola. 3

Q 3. (b) continued over the page.
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Q3. (b) A small bead of mass 2 kg is attached to one end of a light string of length 1 metre.
The other end of the string is fixed at a height A metres , where H < 2, above the

centre of a sphere of radius 1 metre.
The bead moves in a circle of radius » metres on the surface of the sphere and has a

constant angular velocity of w radians per second, where @ > 0.
The string makes an angle of & with the vertical, as shown in the diagram.

Not to scale

Three forces are acting on the bead: the tension force T of the string, the normal force N
to the surface of the sphere and the gravitational force W. [All forces are in Newtons].
Take acceleration due to gravity as g m/s”.

@ By resolving the forces horizontally and vertically in a diagram on 2
g g
your writing paper, show that:

Tsin@ — Nsin @ = 2rw?
Tcos@+ Ncos@=2g.

(i)  Hence showthat: N =gsec8 —rw’ cosecl. 2

(iii) If w, isthe maximum angular velocity for which the small bead 3
stays in contact with the surface and w = kw, for some 0 <k <1.

Describe qualitatively what would happen to the motion of the bead
if w were to increase to @, and then exceed w,.

Find o, interms of g and H.
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Q4. [START A NEW PAGE]

(a) An special toy object of mass 1 kg is dropped from a tall building.
At first, air resistance causes a resistive force of magnitude ILO newtons,

where v m/s is the speed of the object ¢ seconds after it is dropped.

1 By taking acceleration due to gravity as 10 m/s?, explain why the 1

toy object has the equation of motion of: ¥ =10 - 110,

where x is the distance the toy has fallen in the first ¢ seconds.

(ii) Show that the speed W m/s of the toy when it has fallen 40 m 3
satisfies the equation: W +100 ln(l - %) +4=0.

(b) After the toy has fallen the 40 metres and has reached the speed of W m/s, a very

small parachute opens and the air resistance now causes a resistive force to its
2

. . v
motion of magnitude m newtons.

(i) Write down the new acceleration ¥ of the toy, where x is now the 1
distance that the toy has fallen in the first ¢ seconds after the parachute
has opened.
(i)  Find the terminal velocity of the toy. 1
L.
(i)  Showthat: v? =100-(100-#?)e 5. 2
(iv)  Show that ¢ seconds after the parachute opens, 2
L (w ~10)(v +10)
2\ (w+10)(v-10) )
[you may make use of J‘2—dx—7 = Lln arx ¢
a’—x 2a |a—x
(v) Given that the solution to the equation in part (a) (ii) is W ~ 25-7 , 1

how long after the parachute opens does the toy reach 107% of its
terminal velocity correct to 2 decimal places?

Q 4. (c) continued over the page.

JRAHS Y12 ME2 Term 2 AT3 2012 Page: 6



Q4. (o A particle of mass m kg moves in a vertical line, starting initially at rest
at point O with a driving force of F' newtons under gravitational pull,
where F'is given by:

mk
—_— for 0<¢t<T
F=9(T+ t)z of , where constants k£ and 7> 0.

0 for t>7T

(1) Show that the velocity v m/s of the particle at time ¢ is given by:

V== k -gﬁ+£, for 0<r<T.
T+t T

(i1) Show that when ¢ = T, the height reached by the particle above O is
k(1-In2)- —;:gTz metres.

(iii)  Show that the particle will continue to move upwards provided
k>2gT? ,fort>T..

THE END

© © 6 @

JRAHS Y12 ME2 Term 2 AT3 2012 Page: 7

Marks



M TH BXT 2 TERM=a 202 AT ‘ @
SolLuwTtoNE,

'ATHEMATICS Extension 2: Question.. /
7 7/t d Solutions Marks | Marker’s Comments

(:J Fou Hee pownts a.F tred s o

e

XA = ¢ — CY)
3L¢3=¢.2. e X +lavy =1 — 7')
T 2 . C<\C1'+—19><¢-( = 2
le asc’ +Wbec? =3k
L L cerwt — 3¢ +c T m
= + 1! Mope BP= MY Xt K2 Y t&
(=% " 2 ! 2
~ S a = I
M zz,,k
X ced pt M Lliled on X
1 M, Y =
0
3 te L by = e
o = e e =
< L b= L
¥
M bercowws C ox + L g =1
2-¥pm 2%

Qi[) APPROACH H /
et line - ke ¢ = wOC
Ao M Lied © of tHoiis Line

At = Nt = = { = Ce_
WK 2k 2ce T
RolT Jdeor Lene (1 cex tlby =]
e T =% — = Ce._
v. A - ot
N oPPBsLTE 1L SLAM (Gradie wT:) o

the JLoevectiorn of ‘e chrordle _ wbtek Lesve Hielr FJA-':&QMU'U""} M
@ — Fuls Line ceewn be b ete ruccinec by rellectionl of The Liue
T € tdeer cuels

i

92, a:M.)C_ —-—Cl)

P N = 2 — )
e -1 % 4
Pt ot cutesgeecko~ = 2t = X opves /‘(—u,__:"—f-:l_‘i = 2=
. IV % 1M “
cenl cefdceen M, = —ce ,
. o

WTITAN\StaffHome$\woh08URAH M Fac Admin\Assessment info\Suggested Mk solns template_V4_half Ls.doc



&

MATHEMATICS Extension 2: Question.../.

Suggested Solutions

Marker’s Comments
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MATHEMATICS Extension 2: Question

Suggested Solutions Marks Marker’s Comments
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Suggested Solutions Marks | Marker’s Comments
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MATHEMATICS Extension 2: Question..?.'... O
Suggested Solutions Marks Marker’s Comments
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MATHEMATICS Extension 2: Ques'tion..'.;...
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MATHEMATICS Extension 2: Question
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